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The equation for the limiting streamlines is given by

Fig. 2 Velocity profiles for plane-wall jet over a sliding
plate.

nificance. [A similar situation arises for the two-dimensional
eigenvalue problem (Glauert problem): however, in this case
the reverse-flow solutions mentioned by Glauert have not
been determined yet].

Consider now the case of a plane jet flowing (in the x di-
rection) over both sides of a semi-infinite plate that moves
with a constant velocity (in the y direction). In this case
the pertinent boundary conditions are v(G) = V; 0(00) = 0
so that, as Eq. (1) shows, m = 0 and G'(0) - ff(0) = 1;
(r(co)' = H(l) = 0. The corresponding solutions for G'
and G are

The function G'(fi) = v/V and G are shown in Figs. 2 and
3 where, for comparison, the functions F' and F are also re-
ported. These figures are self explanatory.

The characteristics of the dissipative flow are given by

u = (5M/2vx)l/2Ff(r)) = 7(1 - h)
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where p is the density, v the kinematic viscosity, Tz2 and
Tyz the shear stresses at the wall, and M is a constant related
to the "exterior moment flux"2 of the jet. The expressions
for u, rj, and rxz are those given by Glauert.2 The motion of
the plate does not have any influence on the flux of mass pw
entrained into the dissipative region.

Fig. 3 Functions G and F for plane-wall jet over a slid-
ing plate.
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with respect to a reference frame fixed on the plate, the "ab-
solute" limiting streamlines being, obviously, the lines y =
const.
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Similar Flow Boundary Layer on
Bodies in the Presence of Shear Flow

LEROY DEVAN*
University of California, Los Angeles, Calif.

INCOMPRESSIBLE laminar flow over two-dimensional
symmetric bodies described by yb = ± xb

m is considered.
y and x are dimensionless coordinates (b refers to the body).
The dimensionless velocity far upstream (x = — °o) is given by

= 1 + fi | m < 1 (1)
Equation (1) describes a symmetric shear flow where 12 is a
dimensionless vorticity 0 = cooa/t/o, ^ is a dimensionless outer-
stream function, UQ is the reference velocity, a is a reference
length, and OOQ is the uniform vorticity. The velocity com-
ponent tangent to the body surface is given by the super-
position of two contributions. Uniform flow contributes a
velocity that is zero at the stagnation point and approaches
1 asymptotically far downstream. The contribution of the
vorticity term is given by a solution of Poisson's equation
with source term equal to $lsgn(y). A technique for solution
of this problem is given in Ref. 1 and is applied in Ref. 2:

ds /: cos06(s) (2)

The rotational contribution is given by 12 |i/&| cosft; 06 is the
angle the tangent to the body surface makes with the posi-
tive x axis, s is the dimensionless arc length measured from
a stagnation point. The Cauchy principal integral repre-
sents the potential solution for the upper half plane. \jsb =
( — Q\yb\yb/2) represents the boundary value for a Dirichlet
problem. J is the real axis in the Z plane, and Z = f(x +
iy) = f ( z ) maps the body to the £ axis. The complex po-
tential Z = | + irj = g(z) for the uniform flow problem will
map the body to a positive real axis. Then Z2 = Z will com-
plete the mapping of the body surface to the real axis. Ad-
vantage is taken of the fact that &fa/d£* is even in £*. The
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asymptotic form of Ut
substitutions, X* = l/£*
0. The result is

Uv ~ (-2M)

may be obtained by making the
, X = l/£, and going to the limit X -*•

+ Q\yb\ cos06(s) as (3)

The limiting form of (3) may be completed with the aid of the
following: cos0& ~ 1 as £ -> oo follows from the equation of
the body. \dZ/dz\b = (d?/ds) = (d|/<te)~ 1 as £-> « follows
from the fact that Z is the complex potential for uniform flow
(dimensionless, m < 1) and from the asymptotic behavior of
the contribution of the uniform flow to the velocity com-
ponent tangent to the body surface. £2 ̂  xb ~ s as £ —*• oo
follows from the asymptotic behavior of the complex potential
Z and from the equation of the body. In view of the pre-
ceding, Uv may be written as

Uv ~ (2Q/7T) + as xb (4)

For m < I , &xb
m is the dominant term. Thus on bodies that

grow slower than a wedge the first-order outer velocity com-
ponent is

Ui ~ ft sm as s -*- oo (5)

Far downstream external vorticity no longer contributes
second-order terms3-4 but becomes dominant for certain bodies.
The problem of the flat plate is a special case of the problem
considered here and was solved by Ting.5 The method of
inner and outer expansions3-4 provides the differential equa-
tion and the boundary conditions far from the body:

+ ^I
ttR-1/2d/ds (6)

Here R is an appropriate Reynolds number R = Uoa/v, v
is the kinematic viscosity, ̂  is the first-order inner-stream
function [¥ = #~1/2^i + OCfi"1)], N = nR1/* is the dimen-
sionless normal distance to the wall, and 61 is a displacement
thickness given by

+

Boundary conditions are given by

i R~1 -1) as N

(0,

= 0

= 0

(7)

(8)

(9)

(10)

The left-hand side of (6) is the usual first-order approxima-
tion to the Navier-Stokes equations. The pressure gradient
is given by the right-hand side of (6). It is evaluated with
the aid of the matching condition given to the first order by
Eq. (8). For small s, 12#-1/2(AT2/2) is a second-order term.
N effective for matching grows like s1/2 (a boundary-layer
thickness). Hence, for large s, &R~1/2(N2/2) will eventually
become dominant as s -> oo. This is remedied by incor-
porating 0#-1/2(N2/2) as a first-order term in Eq. (8). Terms
of order R~l, which have been omitted, are for contributions
caused by longitudinal curvature and the displacement ef-
fects.3-4 ^ would then be given by solutions for small s
with external vorticity, considered as a second-order term.2
For larger s a solution would be given by Eq. (6). The two
cases could be matched for an appropriate value of s. The
second-order problems of curvature and displacement could
then be evaluated later. It is assumed that these second-
order terms omitted will remain second-order terms as s -> oo.
For the curvature problem this is readily verified for m < 1
by using Eqs. (5, 12, and 14) and the omitted boundary term,
which is K Ui (N2/2)R ~l (K is the curvature). For the displace-
ment problem verification of the assumption can be made for
m<l by a somewhat more involved argument.

A similarity form is given by

where

- PJo

<r = 0 R-v*(<r*)v*

•n = U1N(Q/RV*<r*')1>*
Substitution of (11-14) into (6) yields
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where

Boundary conditions are

^ (n - /) (16)

f.(<r, 0) = 0 (17a)
/„((>•, 0) = 0 (17b)

/,(*,») = ! (17c)
Equation (15) may be used as the basis for the more general
nonsimilar flow problem mentioned previously. The present
note will be confined to the case when a -*- oo. Ui2/cr2/3 -> 0
if Ui ~ sm, where m < -J. This is the case for similar flow
as s -^ oo. If m > -J, the external vorticity contributes
only second-order terms, and ordinary boundary-layer theory is
valid. This result could also have been obtained from Eq. (8)
using Ui ~ sm and Af ~ s172. The equation for similar flow is

//// 1
Equation (18) may be solved approximately by recasting into
an integral equation form and using a Karma'n-Pohlhausen
quartic polynomial approximation for /'. Integrating (18)
from zero to oo } one obtains

The quartic is given by
/' = 1 _ (1 - ft* (l +

= 0

where

X = (A/3)52

Substitution of (20) and (21) into (19) gives

77 > 1 (20)

(21)

(22)

Applying the limiting form of / at rj = 1, one obtains

8 r/'drj = 5 - A = § - ^ - = $(- + AI n ^2 \ in 1 on•/u o \ lu i^u

In view of the requirement that m < -J, the similar flow
is defined for 0 < <r(dUi/d<i)/Ui < -J. A solution is ob-
tained from Eqs. (22-24). The smallest value of 5 is chosen

X = 12{1 - [(4-6M)/(7-6W2}
53=3X/[£>-(X/120)] ^° ;
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where

/"(O)
A

M = <r(d

(1/6) (2 + A/6)

- X/20)

a)/Ui

(26)
(27)

(28)

To investigate the stability of (2), one could calculate the
roots s of the system's characteristic polynomial:

For M = 0, 5 = 3.17, /"(O) - 0.7846, and A = 0.8739. Ting
gives /"(O) = 0.7866 and A = 0.8695. For M = -J one ob-
tains /"(O) = 0.7411 and A = 0.9715. Comparison with
Ting's solution for M = 0 shows surprisingly good accuracy
for the approximate method. The variation of /"(O) for
0 < M < -J is quite small. The corresponding variation of
A, and hence the profile (/',/") is somewhat greater.

Thus Ting's solution is only one member of a similar family
of flows. In fact, Ting's solution is also valid for bodies that
attain a finite width as s -> co .

References
1 Woods, L. C., Theory of Subsonic Plane Flow (Cambridge

University Press, New York, 1961), Chaps. II and III.
2 Devan, L., ''Second order incompressible laminar boundary

layer development on a two-dimensional semi-infinite body,"
Ph.D. Thesis, Univ. of California (May 1964).

3 Van Dyke, M., "Higher approximations in boundary layer
theory I," J. Fluid Mech. 14, 161-177 (1962).

4 Van Dyke, M., "Higher approximations in boundary layer
theory II," J. Fluid Mech. 14, 481-495 (1962).

5 Ting, L., "Boundary layer over a flat plate in the presence of
shear flow," Phys. Fluids 3, 78-84 (1960).

Comments on "Stability of Damped
Mechanical Systems" and a

Further Extension

E. E. ZAJAC*
Bell Telephone Laboratories Inc., Murray Hill, N. J.

PRINGLE'S note1 yields an immediate proof of what I have
elsewhere2 called the Kelvin-Tait-Chetaev theorem.

Also it generalizes the theorem in a different way from the
generalization given in Ref. 2. Furthermore, for linear sys-
tems, Pringle's note suggests still another refinement. Since
these results are very useful for satellite attitude dynamics, it
may be helpful to compare and illustrate them by means of a
simple example and to give a proof of the further refinement.

Consider the following system:

Xi + doXi + di(x\ — x%) + gx2 + k\x\ = 0

The terms containing dQ and d\ are damping terms; those con-
taining g arise from gyroscopic effects. System (1) is charac-
teristic of larger systems that arise in small-angle attitude-
control studies of the form:

Ax + Dx + Gx + Kx = 0 (2)
where A is a symmetric, positive definite inertia matrix, D is a
symmetric damping matrix, G is a skew-symmetric gyroscopic
matrix, and K is a symmetric stiffness matrix. With little
loss in generality, we shall assume throughout that K has no
zero eigenvalues, so that in (1) kjcz ^ 0.
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s2A + s(D + G) + K = 0 (3)

But if D is positive definite, the KTC (Kelvin-Tait-Chetaev)
theorem gives the following simplification:

Theorem A: When D is positive definite, Eq. (3) has all its
roots in the open left half-plane, if K has all positive eigenval-
ues and at least one root in the open right half-plane, and if K
fas any negative eigenvalues.

Thus, when D is positive definite, the character of the roots
of (3) is determined completely by the character of the roots of
|K — sl| = 0, where I is the unit matrix. Furthermore, in
many cases the coordinates are coupled only via damping and
gyroscopic terms, so that not only is |K — si = 0 of degree n
instead of 2n, but it is of much simpler structure than Eq. (3).
For instance, in the example (1), D is clearly positive definite
for do > 0, di > 0, and K has only the diagonal elements ki, &2.
If ki, kz are both positive, the KTC theorem says that all four
roots lie in the open left half-plane; if ki or k2 are negative,
one or more roots is in the open right half-plane.

In Ref. 2, the KTC theorem is sharpened as follows:
Theorem B: When D is positive definite, Eq. (3) has no

roots on the imaginary axis and as many roots in the right
half-plane as there are negative eigenvalues of K. Thus in the
simple example if do > 0, di > 0, and if ki < 0, fe < 0, we can
conclude that there are two roots in the right half-plane, two
roots in the left half-plane, and no roots on the imaginary
axis.

However, in attitude-control systems, Theorems A and B
are often inapplicable. There are typically no "ground"
dampers between the satellite parts and the reference frame;
energy is dissipated only by relative motion between satellite
parts. In this case, the damping matrix D in (2) is only posi-
tive semidefinite rather than positive definite, that is, the
power dissipation function P = — (x, Dx) may be zero as well
as negative for some choices of x. For example, if the
"ground" dampers in (1) are absent, dQ = 0, then P =
— di(xi — xz)2, which is zero for x± = xz.

As Pringle has pointed out in a private communication, the
assumption of a positive definite D is too restrictive. In the
design of attitude-control systems, one strives not for a posi-
tive definite damping matrix but rather for damping that af-
fects the entire system, so that any motion induces energy
dissipation. It is perhaps helpful to coin the term pervasive
for this kind of damped system. More specifically, form the
scalar product of Eq. (2) with x to get

(d/dt) [i (x, Ax + x, Kx) ] = P = - (x, Dx) (4)

Then we define a pervasive power dissipation P as follows: P
is pervasive if it is nonpositive and can be zero for alH > 0
only when the system is at the equilibrium point for t > 0. In
(1) damping is pervasive for dQ = 0 and g ^ 0. To show this,
we note that when P = —d\(x\ — x^ == 0, we have £1 =
C, where C is a constant. But Eqs. (1) then become

+ gxi + kiXi = 0 — gxi + = C

which can be satisfied only when xi = C = x2 = 0. On the
other hand, if g = 0 and ki/mi = k2/m2, the damping is not
pervasive; mi and m2 can remain at a fixed distance apart in an
oscillation with zero power dissipation. Note that pervasive-
ness is a property of both the structure of P and the structure
of the differential equations. In general, an argument such
as the preceding is needed to show pervasiveness.

The generalization of the idea of pervasive damping is used
by Pringle. The bracketed term in Eq. (4) is the Hamiltonian
of system (2). In a general dynamical system, instead of (4)
we have an equation of the form dH/dt = P, where both H,
the Hamiltonian, and P are functions of the generalized co-
ordinates and momenta qit pt. We assume that the origin
in the (qi} pt) space is an equilibrium point and adopt the pre-


